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SCALAR CURVATURE RIGIDITY OF ALMOST
HERMITIAN SPIN MANIFOLDS WHICH ARE
ASYMPTOTICALLY COMPLEX HYPERBOLIC
MARIO LISTING
Abstract. This paper generalizes a rigidity result of complex hyper-
bolic spaces by M. Herzlich. We prove that an almost Hermitian spin
manifold (M, g) of real dimension 4n+2 which is strongly asymptotic to
CH2n+1 and satisfies a certain scalar curvature bound must be isometric
to the complex hyperbolic space. The fact that we do not assume g to
be Ka¨hler reflects in the inequality for the scalar curvature.
1. Introduction
Rigidity of symmetric spaces of non–compact type is a frequently stud-
ied problem (cf. [2, 5, 9, 10]). Based on E. Witten’s idea in the proof of
the positive energy theorem (cf. [12]), R. Bartnik showed in [2] that an
asymptotically flat spin manifold of non–negative scalar curvature and with
vanishing mass must be the Euclidean space. The analogous rigidity result
for the real hyperbolic was proved by M. Min–Oo in [9], in particular a
strongly asymptotically hyperbolic spin manifold (Mn, g) with scalar cur-
vature scal ≥ −n(n − 1) is isometric to the hyperbolic space. Moreover,
M. Herzlich showed in [5] that a strongly asymptotically complex hyperbolic
Ka¨hler spin manifold (M2m, g) of odd complex dimension m and with scalar
curvature scal ≥ −4m(m+ 1) must be isometric to the complex hyperbolic
space CHm.
In this paper we generalize Herzlich’s result in the way that we replace
the Ka¨hler assumption by the weaker condition: almost Hermitian.
Definition 1. (CHm, g0) denotes the complex hyperbolic space of complex
dimension m and holomorphic sectional curvature −4, i.e. K ∈ [−4,−1],
as well as BR(q) ⊂ M is the set of all p ∈ M with geodesic distance to
q less than R. Let (M2m, g, J) be an almost Hermitian manifold, i.e. g is
a Riemannian metric and J is a g–compatible almost complex structure.
(M,g, J) is said to be strongly asymptotically complex hyperbolic if there is
a compact manifold C ⊂ M and a diffeomorphism f : E := M − C →
CHm−BR(0) in such a way that the positive definite gauge transformation
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A ∈ Γ(End(TM|E)) given by
g(AX,AY ) = (f∗g0)(X,Y ) g(AX,Y ) = g(X,AY )
satisfies:
(1) A is uniformly bounded.
(2) Suppose r is the f∗g0–distance to a fixed point, ∇
0 is the Levi–Civita
connection for f∗g0 and J0 is the complex structure of CH
m pulled
back to E, then∣∣∇0A∣∣+ |A− Id|+ |AJ0 − J | ∈ L1(E; e2rvolg) ∩ L2(E; e2rvolg).
In particular, in contrast to the previous definition and result by Herzlich,
a compact conformal transformation of the standard metric onCHm supplies
a manifold which is strongly asymptotically complex hyperbolic.
Theorem 1. Let (M4n+2, g, J) be a complete almost Hermitian spin mani-
fold of odd complex dimension m = 2n + 1. If (M,g, J) is strongly asymp-
totically complex hyperbolic and satisfies the scalar curvature bound
(1) scal ≥ −4m(m+ 1) + 2
[
|d∗Ω|+ |D′Ω|+ |D′′Ω|
]
,
then (M,g, J) is Ka¨hler and isometric to CHm.
In this case Ω = g(., J.) is the 2–form associated to J , d∗ is formal L2–
adjoint of the exterior derivative d and D′ + D′′ is the Dolbeault decom-
position of D = d + d∗ in Λ∗(TM) ⊗ C, i.e. if e1, . . . , e2m is an orthonor-
mal base, we define D′ =
∑
e1,0j · ∇ej and D
′′ =
∑
e0,1j · ∇ej . Introduce
Dc := dc + dc,∗ with dc :=
∑
J(ek) ∧ ∇ek and d
c,∗ := −
∑
J(ek)x∇ej , we
obtain D′ = 1
2
(D − iDc) as well as D′′ = 1
2
(D + iDc). In particular, we can
estimate
|D′Ω|+ |D′′Ω| ≤ |d∗Ω|+ |dΩ|+ |dc,∗Ω|+ |dcΩ|.
The proof of this rigidity theorem is as usual based on the non–compact
Bochner technique which was introduced by Witten in [12]. We show an
integrated Bochner–Weitzenbo¨ck formula for the Ka¨hler Killing connection
which allows the usage of this technique. We expect to prove a similar result
in the complex even–dimensional case and for the quaternionic hyperbolic
space, but because of representation theoretical problems, there will be more
terms involved in inequality (1).
2. Preliminaries
Let (M,g, J) be an almost Hermitian spin manifold of complex dimension
m and denote by γ respectively · the Clifford multiplication on the complex
spinor bundle S/M of M . S/M decomposes orthogonal into
(2) S/M = S/0 ⊕ · · · ⊕ S/m
(cf. [6, 8]) where each S/ j is an eigenspace of Ω = g(., J.) to the eigenvalue
i(m − 2j). We denote by pij the orthogonal projection S/M → S/ j . The
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decomposition (2) is parallel (i.e. ∇pij = 0 for all j) if (g, J) is Ka¨hler. As
usual we introduce X1,0 := 1
2
(X − iJ(X)) as well as X0,1 := 1
2
(X + iJ(X))
and obtain γ(X1,0) : S/ j → S/ j+1 as well as γ(X
0,1) : S/ j → S/ j−1, where
S/ j = {0} if j /∈ {0, . . . ,m}.
Supposing (g, J) to be Ka¨hler and m = 2n + 1 to be odd, then a Ka¨hler
Killing spinor (cf. [6]) is a section in S/n ⊕ S/n+1 which is parallel w.r.t.
∇X + κ
(
γ(X1,0)pin + γ(X
0,1)pin+1
)
.
In particular, if there is a non–trivial Ka¨hler Killing spinor, g is Einstein
of scalar curvature 4m(m + 1)κ2. Moreover, the subbundle S/n ⊕ S/n+1 is
trivialized by Ka¨hler Killing spinors on CHm if we choose κ = ±i.
3. Bochner–Weitzenbo¨ck formula
Suppose (M,g, J) is spin and almost Hermitian of odd complex dimension
m = 2n+1. We define V := S/n⊕S/n+1, its projection prV := pin+pin+1 and
TX := i
(
γ(X1,0)pin + γ(X
0,1)pin+1
)
.
Since (γ(X1,0)pij)
∗ = −γ(X0,1)pij+1, T is a selfadjoint endomorphism on V
(respectively S/M). Define the connection ∇̂ := ∇ + T on S/M . The Dirac
operator of ∇̂ is given by D̂/ = D/ + T where D/ is the Dirac operator of ∇
and T equals
−i(m+ 1)prV
in this case we used (cf. [6])
(3)
∑
k
ek · e
1,0
k = −m+ iγ(Ω) and
∑
k
ek · e
0,1
k = −m− iγ(Ω).
Since γ(X)T is not selfadjoint on the full spinor bundle, we consider instead
T := −i(m+ 1) as well as the Dirac operator D˜/ := D/ + T.
Proposition 1. Let (M,g, J) be almost Hermitian of odd complex dimen-
sion m, then the integrated Bochner–Weitzenbo¨ck formula∫
∂N
〈
∇̂νϕ+ ν · D˜/ϕ, ψ
〉
=
∫
N
〈
∇̂ϕ, ∇̂ψ
〉
−
〈
D˜/ϕ, D˜/ψ
〉
+
〈
R̂ϕ,ψ
〉
holds for any compact N ⊂ M and ϕ,ψ ∈ Γ(S/M). In this case ν is the
outward normal vector field on ∂N and R̂ is given by
scal
4
+m(m+ 1) + (m+ 1)2prV⊥ + δT
while prV⊥ is the projection to the orthogonal complement of V in S/M and
δT is the divergence of T, i.e. δT =
∑
(∇ejT)ej . Moreover, the boundary
operator ∇̂ν + ν · D˜/ is selfadjoint.
4 MARIO LISTING
Proof. The essential facts are (TX)
∗ = TX and (γ(X)T)
∗ = γ(X)T. In
particular, since ∇ν + ν ·D/ is a selfadjoint boundary operator, ∇̂ν + ν · D˜/ is
selfadjoint. The formal L2–adjoint of D˜/ is given by D˜/
∗
= D/ − T. Thus, we
can easily verify∫
N
〈
D˜/ϕ, D˜/ψ
〉
= −
∫
∂N
〈
ν · D˜/ϕ, ψ
〉
+
∫
N
〈
D˜/
∗
D˜/ϕ, ψ
〉
as well as D˜/
∗
D˜/ = D/ 2+(m+1)2. Moreover, using (TX)
∗ = TX on S/M leads
to ∫
N
〈
∇̂ϕ, ∇̂ψ
〉
=
∫
N
〈∇ϕ,∇ψ〉+ 〈∇ϕ,Tψ〉 + 〈Tϕ,∇ψ〉+ 〈Tϕ,Tψ〉
=
∫
∂N
〈∇νϕ+ Tνϕ,ψ〉 +
∫
N
〈∇∗∇ϕ,ψ〉+
+
∫
N
〈Tϕ,Tψ〉 − 〈δTϕ,ψ〉
for all ϕ,ψ ∈ Γ(S/M). We use the facts pijγ(X)pij−1 = γ(X
1,0)pij−1 and
pijγ(X)pij+1 = γ(X
0,1)pij+1 as well as (3) to compute
〈Tϕ,Tψ〉 =
∑
k
〈
ek · ϕn, e
1,0
k · ψn
〉
+
∑
k
〈
ek · ϕn+1, e
0,1
k · ψn+1
〉
=(m+ 1) 〈prVϕ,ψ〉 .
In particular, the Lichnerowicz formula D/2 = ∇∗∇ + scal
4
gives the claim
with
R̂ =
scal
4
+ (m+ 1)2 − (m+ 1)prV + δT.

Lemma 1. Suppose inequality (1) of the main theorem holds, then at each
point of M , R̂ has no negative eigenvalues: R̂ ≥ 0.
Proof. We have to find an estimate for δT. Let e1, . . . , e2m be normal coor-
dinates at TpM with em+j := Jej in p. We obtain
δT =
2m∑
j=1
(∇ejT)ej
=
1
2
γ(δJ)(pin − pin+1) + i
2m∑
j=1
(
e1,0j · ∇ejpin + e
0,1
j · ∇ejpin+1
)
.
Thus, we have to estimate ∇Xpir for r = n, n + 1. We conclude from
pinγ(Ω) = ipin
(∇Xpin)(i− γ(Ω)) = pinγ(∇XΩ)
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as well as from γ(Ω)pin = ipin
(i− γ(Ω))(∇Xpin) = γ(∇XΩ)pin.
Using the facts pin(∇Xpin)pin = 0 and i − γ(Ω) =
∑
j 6=n cjpij with |cj | ≥ 2,
|∇Xpin| can be estimated by
1
2
|∇XΩ|. Thus,
2m∑
j=1
e1,0j · (∇ejpin)(i− γ(Ω)) = pin+1
2m∑
j=1
γ(e1,0j · ∇ejΩ)
leads to ∣∣∣∣∣
2m∑
j=1
e1,0j (∇ejpin)φ
∣∣∣∣∣≤ 12
∣∣γ(D′Ω)φ∣∣,
if pin(φ) = 0. Moreover,
2m∑
j=1
γ(e1,0j · ∇ejΩ)pin =
2m∑
j=1
γ(e1,0j )(i− γ(Ω))(∇ejpin)
= −
2m∑
j=1
(i+ γ(Ω))γ(e1,0j )(∇ejpin)
shows ∣∣∣∣∣
2m∑
j=1
e1,0j (∇ejpin)φ
∣∣∣∣∣≤ 12
∣∣γ(D′Ω)φ∣∣,
if φ ∈ S/n, in this case we used pin+1(e
1,0
j · ∇ejpin)pin = 0 and the fact that
i+γ(Ω) has absolute minimal eigenvalue 2 on S/⊥n+1 The same method applied
to pin+1γ(Ω) = −ipin+1 and γ(Ω)pin+1 = −ipin+1 yields∣∣∣∣∣
2m∑
j=1
e0,1j (∇ejpin+1)
∣∣∣∣∣≤ 12 |D′′Ω|.
Therefore, we obtain
|δT| ≤
1
2
(
|d∗Ω|+ |D′Ω|+ |D′′Ω|
)
which gives the claim R̂ ≥ 0. 
4. Proof of the theorem
Lemma 2. Suppose (M,g) is a complete spin manifold of real dimension
2m. If the scalar curvature is uniformly bounded with scal ≥ −4m(m + 1),
the Dirac operator
D˜/ = D/ − i(m+ 1) : W 1,2(M,S/M)→ L2(M,S/M)
is an isomorphism of Hilbert spaces.
6 MARIO LISTING
Proof. (cf. [1, 5, 9]) Using the Lichnerowicz formula proves that the bilinear
form B(ϕ,ψ) =
∫
M
〈
D˜/ϕ, D˜/ψ
〉
is coercive and bounded on W 1,2(M,S/M).
The surjectivity of D˜/ follows from the Riesz representation theorem and [4,
Thm. 2.8]. 
Let (M,g, J) be an almost Hermitian spin manifold which is strongly
asymptotically complex hyperbolic, where E ⊂ M is supposed to be the
Euclidean end ofM . We consider the connection ∇̂ = ∇+T on S/M and the
connection ∇̂0 = ∇0+T0 on S/M|E , where ∇
0 is the Levi–Civita connection
and T0 is the Ka¨hler Killing structure for the complex hyperbolic metric on
E. The bundle V0 ⊂ S/M|E is trivialized by spinors parallel w.r.t. ∇̂
0.
The gauge transformation A extends to a bundle morphism A : S/M|E →
S/M|E with (cf. [1]) ∣∣∇ϕ−∇ϕ∣∣ ≤ C ∣∣A−1∣∣ ∣∣∇0A∣∣ |ϕ| ,
where∇ is the usual spin connection for g and∇ is a connection on S/M|E ob-
tained from the connection ∇ on TM|E and given by ∇Y = A(∇
0(A−1Y )).
Let ψ0 be a spinor on E ⊂ M which is parallel with respect to ∇̂
0. Set
ψ := h(Aψ0) for some cut off function h, i.e. h = 1 at infinity, h = 0 in
M − E and supp(dh) compact. We compute
∇̂Xψ =(Xh)Aψ0 + h(∇XAψ0 + TX(Aψ0))
=(Xh)Aψ0 + h(∇X −∇X)Aψ0 − hAT
0
Xψ0 + hTXAψ0
and thus, the asymptotic assumptions supply
∇̂ψ ∈ L2(M,T ∗M ⊗ S/M)
and
(4)
〈
∇̂νψ + ν · D̂/ψ, ψ
〉
∈ L1(M)
(|ψ0|
2
0 can be estimated by ce
2r for some c > 0). Using the above lemma gives
a spinor ξ ∈W 1,2(M,S/M) with D˜/ξ = D˜/ψ ∈ L2. In particular ϕ := ψ− ξ is
D˜/–harmonic and non–trivial (ψ /∈ L2). Moreover, the selfadjointness of the
boundary operator ∇̂ν + ν · D˜/ together with (4) implies as usual
lim inf
r→∞
∫
∂Mr
〈
∇̂νϕ+ ν · D˜/ϕ, ϕ
〉
= 0
for a non–degenerate exhaustion {Mr} of M (cf. [1]). Since inequality (1)
gives R̂ ≥ 0, we conclude from the integrated Bochner–Weitzenbo¨ck formula:∫
∂Mr
〈
∇̂νϕ+ ν · D˜/ϕ, ϕ
〉
≥
∫
Mr
∣∣∣∇̂ϕ∣∣∣2 ≥ 0,
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that ϕ is parallel w.r.t. ∇̂. Since 0 = D̂/ϕ = D/ϕ − i(m + 1)prVϕ and
0 = D˜/ϕ = D/ϕ− i(m+1)ϕ, we obtain that ϕ is a section of V = S/n ⊕S/n+1.
Furthermore, ∇̂0 is a flat connection of V0, so V is trivialized by spinors
parallel w.r.t. ∇̂. In particular, ∇X preserves sections of V. Since ∇̂ is flat
on V, R̂ = 0 implies
0 = RsX,Y + [TX ,TY ] + (∇XT)Y − (∇Y T)X
on V. A straightforward computations shows that (∇XT)Y and (∇Y T)X
are Hermitian on V for all X,Y (use the fact (TX)
∗ = TX), but R
s
X,Y as
well as [TX ,TY ] are skew–Hermitian on V which leads to
(5) 0 = RsX,Y + [TX ,TY ].
From the fact (cf. [3])
γ(Ric(X)) = 2
∑
i
ei ·R
s
ei,X
and equation (5), we conclude Ric(X) = −2(m + 1)X (cf. [6]), i.e. g is
Einstein of scalar curvature −4m(m+ 1). Inequality (1) yields d∗Ω = 0 as
well as D′Ω = 0 and D′′Ω = 0. In particular, D′ + D′′ = d + d∗ supplies
dΩ = 0. Therefore, if J is integrable, (g, J) must be Ka¨hler (cf. [7, p. 148])
and we could use the result by Herzlich to get the claim. However, we did
not assume J to be integrable and in order to prove the general case, we
compute the Riemannian curvature of (M,g, J). We have
[TX ,TY ] =(Y
1,0 ·X0,1 · −X1,0 · Y 0,1·)pin+1+
+ (Y 0,1 ·X1,0 · −X0,1 · Y 1,0·)pin
=−
1
2
γ(X ∧ Y + JX ∧ JY )(pin + pin+1)+
+ iΩ(X,Y )pin+1 − iΩ(X,Y )pin
as well as RsX,Y =
1
2
γ(R(X ∧ Y )), where R is the Riemannian curvature
considered as endomorphism on Λ2M . Thus, we obtain
γ
(
R(X ∧ Y )−X ∧ Y − JX ∧ JY − 2Ω(X,Y )Ω
)
ϕ = 0
for all ϕ ∈ Γ(V) from (5) and γ(Ω)pin = ipin, γ(Ω)pin+1 = −ipin+1. In
particular, the following lemma shows
(6) prΛ1,1M ◦ R(X ∧ Y ) = X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω.
Lemma 3. Suppose (V, q) is a vector space of real dimension 2m with a qua-
dratic form q and a q–compatible complex structure J . Denote by S = ⊕Sr
the spinor space of V where Sr are induced from the action of the Ka¨hler
form Ω. Choose l :=
[
m−1
2
]
, then if η ∈ Λ1,1V annihilates Sl ⊕ Sl+1, i.e.
η · ψ = 0
for all ψ ∈ Sl ⊕ Sl+1, η has to vanish.
8 MARIO LISTING
Proof. Suppose thatm is even. The only Λ1,1V –forms which annihilate Sl+1
are multiples of Ω (cf. [5]). But Ω acts as 2i on Sl which shows the claim if
m is even. Assume that m is odd and η · ψ = 0 for all ψ ∈ Sl ⊕ Sl+1. We
consider the vector space V ⊕C2 with its spinor space S⊗̂C2. Since Clifford
multiplication with Λ2V satisfies
ω · (ψ ⊗ ϕ) = (ω · ψ)⊗ ϕ,
and (S⊗̂C2)l+1 is given by Sl ⊗ C ⊕ Sl+1 ⊗ C, we obtain η · Ψ = 0 for
all Ψ ∈ (S⊗̂C2)l+1. Thus, Λ
1,1V ⊂ Λ1,1(V ⊕ C2) together with the above
case (m even) implies that η is a multiple of Ω. But Ω acts as ±i on Sl
respectively Sl+1 which shows the claim: η = 0. 
Using equation (6), the symmetry of the Riemannian curvature tensor
and Ω ∈ Γ(Λ1,1M) lead to
〈R(Ω),X ∧ Y 〉 = 〈R(X ∧ Y ),Ω〉 = 2(m+ 1)Ω(X,Y ).
Consider the Bochner–Weitzenbo¨ck formula on Λ2M :
△ = d∗d + dd∗ = ∇∗∇+R,
then R is given by Ric+2R (cf. [11, Ap. B]), where Ric acts as derivation on
Λ2M . We already know, that g is Einstein, i.e. Ric = −4(m+1)IdΛ2M sup-
plies R(Ω) = 0. Moreover, dΩ = 0 and d∗Ω = 0 imply that Ω is harmonic:
△Ω = 0, i.e. we obtain ∇∗∇Ω = 0. Using the fact
0 = △|Ω|2 = d∗d|Ω|2 = 2 〈∇∗∇Ω,Ω〉 − 2 〈∇Ω,∇Ω〉
we conclude that (g, J) is Ka¨hler. Thus, R : Λ2M → Λ1,1M together with
(6) yield constant holomorphic sectional curvature −4 of (M,g, J). Since
the end of M is diffeomorphic to R2m − BR(0), M must be isometric to
CHm.
References
[1] L. Andersson and M. Dahl. Scalar curvature rigidity for asymptotically locally hy-
perbolic manifolds. Ann. Global Anal. Geom., 16(1):1–27, 1998.
[2] R. Bartnik. The mass of an asymptotically flat manifold. Comm. Pure Appl. Math.,
39(5):661–693, 1986.
[3] H. Baum, T. Friedrich, R. Grunewald, and I. Kath. Twistors and Killing spinors
on Riemannian manifolds, volume 124 of Teubner-Texte zur Mathematik [Teubner
Texts in Mathematics]. B. G. Teubner Verlagsgesellschaft mbH, Stuttgart, 1991. With
German, French and Russian summaries.
[4] M. Gromov and H. B. Lawson, Jr. Positive scalar curvature and the Dirac operator on
complete Riemannian manifolds. Inst. Hautes E´tudes Sci. Publ. Math., (58):83–196
(1984), 1983.
[5] M. Herzlich. Scalar curvature and rigidity of odd-dimensional complex hyperbolic
spaces. Math. Ann., 312(4):641–657, 1998.
[6] K.-D. Kirchberg. Killing spinors on Ka¨hler manifolds. Ann. Global Anal. Geom.,
11(2):141–164, 1993.
[7] S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. II. Wiley
Classics Library. John Wiley & Sons Inc., New York, 1996. Reprint of the 1969
original, A Wiley-Interscience Publication.
SCALAR CURVATURE RIGIDITY OF CH2n+1 9
[8] H. B. Lawson, Jr. and M.-L. Michelsohn. Spin geometry, volume 38 of Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, 1989.
[9] M. Min-Oo. Scalar curvature rigidity of asymptotically hyperbolic spin manifolds.
Math. Ann., 285(4):527–539, 1989.
[10] M. Min-Oo. Scalar curvature rigidity of certain symmetric spaces. In Geometry, topol-
ogy, and dynamics (Montreal, PQ, 1995), volume 15 of CRM Proc. Lecture Notes,
pages 127–136. Amer. Math. Soc., Providence, RI, 1998.
[11] U. Semmelmann. Conformal Killing forms on Riemannian manifolds. Habilitation,
Uni Mu¨nchen, 2001.
[12] E. Witten. A new proof of the positive energy theorem. Comm. Math. Phys.,
80(3):381–402, 1981.
Department of Mathematics, Stony Brook University, Stony Brook, NY
11794-3651, USA
E-mail address: listing@math.sunysb.edu
